Introduction
Generalized complex structures are mixed geometric structures building a bridge between complex geometry and real symplectic geometry. Both complex structures and real symplectic structures give rise to generalized complex structures of special classes. However a generalized complex structure on a manifold can admit the type changing loci on which the type of the structure can change form the one from a real symplectic structure to the one from a complex structure.
A complex surface S with a non trivial holomorphic Poisson structure β has a generalized complex structure J β with type changing loci at zeros of β. It is striking that (3k − 1)CP 3 #(10k − 1)CP 2 does not admit complex structures and real symplectic structures, but (3k − 1)CP 3 #(10k − 1)CP 2 has generalized complex structures Jm with m type changing loci [CG1] , [GH] .
The deformation complex of a generalized complex structure is given by the Lie algebroid complex (∧ • LJ , dL). Then the space of infinitesimal deformations is the second cohomology group H 2 (∧ • LJ ) and the obstruction space is the third cohomology group H 3 (∧ • LJ ). Then the Kuranishi families of generalized complex structures are constructed [Gu1] . A C ∞ logarithmic symplectic structure ω C on a manifold M along a submanifold D of real codimension 2 is a complex 2-form which is given by the following on a neighborhood of D,
where (z1, · · · , z2m) are complex coordinates and D = {z1 = 0}. On a neighborhood of the complement M \D, ω C is a smooth 2-form b + √ −1ω where b is a d-closed 2-form and ω denotes a real symplectic structure. (Note that we do not assume that M is a complex manifold.) The exponential φ := e ω C gives rise to a generalized complex structure J φ
One of the purposes of the paper is to show that the generalized complex structure J φ induced by a C ∞ logarithmic symplectic structure ω C has unobstructed deformations which are given by the second cohomology group of the complement of type changing loci if type changing loci are smooth (see Theorem 6.2 and Theorem 6.3). Our unobstructedness theorems may be regarded as an analog of the unobstructedness theorems of Calabi-Yau and hyperKähler manifolds. However we do not use the Hodge theory and the ∂∂-lemma but our method is rather topological. The generalized complex structure J β on a Poisson surface S and Jm on the (3k − 1)CP 3 #(10k − 1)CP 2 are induced by C ∞ logarithmic symplectic structures modulo the action of b-fields. Thus we can apply our unobstructedness theorems to these generalized complex structures (see Theorem 9.2 and Theorem 9.19). The paper is organized as follows. In Section 2 we give a short explanation of generalized complex structures and in Section 3 we also provide fundamental notions of deformations of generalized complex structures. It is remarkable that Poisson cohomology groups of a Poisson structure β which are the hypercohomology groups of the Poisson complex coincide with the Lie algebroid cohomology groups of the generalized complex structure J β induced by β. In Section 4, we discuss the generalized complex structures induced from a logarithmic symplectic structure along a smooth divisor D on a complex manifold X which is the dual of a holomorphic Poisson structure β. In Section 5, we show that the Poisson cohomology groups of β are isomorphic to the de Rham cohomology groups of the complement X\D. In Section 6, we introduce C ∞ logarithmic symplectic structures and show our main theorems. In Section 7, we discuss logarithmic deformations. Proofs of our main Theorems are given in Section 8. In Section 9, the unobstructedness theorem can be applied to a complex surface with smooth anti-canonical divisor to obtain unobstructed deformations. We calculate Poisson cohomology groups and the de Rham cohomology groups of the complements. It is intriguing that there are differences between these two cohomology groups when D has singularities (see Remark 9.4). In Section 9.3, we explain a construction of generalized complex structures Jm on (3k − 1)CP 3 #(10k − 1)CP 2 by logarithmic transformations with m type changing loci. We apply our theorems to generalized complex structures on (3k − 1)CP 3 #(10k − 1)CP 2 to obtain unobstructed deformations of generalized complex structures (see Theorem 9.19).
Generalized complex structures
Let T M be the tangent bundle on a differentiable manifold of dimension 2n and T * M the cotangent bundle of M . The symmetric bilinear form , on the direct sum
Then the symmetric bilinear form , yields the fibre bundle SO(T M ⊕ T * M ) with fibre the special orthogonal group. A section of bundle
is an endomorphism of T M ⊕ T * M preserving , and its determinant is equal to
LJ is the eigenspace of eigenvalue √ −1 and LJ is the complex conjugate of LJ . The Courant bracket is defined by
where [u, v] denotes the bracket of vector fields u and v and Lvη and Luξ are the Lie derivatives and iuη and ivξ stand for the interior products. If LJ is closed with respect to the Courant bracket, then J is a generalized complex structure, that is, [e1, e2]co ∈ LJ for all e1, e2 ∈ LJ .
The direct sum T M ⊕ T * M acts on differential forms by the interior and exterior products,
where e = v + η and v ∈ T M and η ∈ T * M and φ is a differential forms. Then it turns out that
Since it is the relation of the Clifford algebra with respect to , , we obtain the action of the Clifford algebra bundle Cl(T M ⊕ T * M ) on differential forms which is the spin representation.
We define ker Φ :
ker Φ is maximal isotropic, i.e., dim C ker Φ = 2n, then Φ is called a pure spinor of even/odd type. A pure spinor Φ is nondegenerate if ker Φ ∩ ker Φ = {0}, i.e., (T M ⊕ T * M ) C = ker Φ ⊕ ker Φ. Then a nondegenerate, pure spinor Φ ∈ ∧ • T * M gives an almost generalized complex structure JΦ which
Conversely, a generalized complex structure J arises as JΦ for a nondegenerate, pure spinor Φ which is unique up to multiplication by non-zero functions. Thus there is a one to one correspondence between almost generalized complex structures and non-degenerate, pure spinors modulo multiplication by non-zero functions. The canonical line bundle KJ Φ of JΦ is the complex line bundle generated by the non-degenerate, pure spinor Φ. JΦ is integrable if and
The type number of J = JΦ is a minimal degree of the differential form Φ, which is allowed to change on a manifold.
Example 2.1. Let J be the ordinary complex structure on a complex manifold X. Then the complex structure J * on T * X is given by (J * η)(v) := η(Jv) for η ∈ T * X, v ∈ T X and we obtain a generalized complex structure JJ which is defined by
where the canonical line bundle of JJ is the ordinary canonical line bundle KJ = ∧ n,0 which consists of n-forms. Thus we have Type JJ = n.
Example 2.2. Let ω be a real symplectic structure on a 2n-manifold M . Then the interior product ivω of a vector v yields an isomorphismω : T M → T * M which admits the inverseω −1 . Then a generalized complex structure Jω is defined by
Then the canonical line bundle of Jω is generated by
where the minimal degree of ψ is 0. Thus we have Type J ψ = 0 The type number is given by Type J βt x = n − 2 rank of βx at x ∈ M .
3 Deformation theory of generalized complex structures
The bundle LJ is a Lie algebroid bundle which yields the Lie algebroid complex,
It is known that the Lie algebroid complex is the deformation complex of generalized complex structures. In fact, ε ∈ ∧ 2 LJ gives a deformed isotropic subbundle Lε : 
Let X = (M, J) be a complex manifold and J := JJ denotes the generalized complex structure induced from J as in Example 2.1. Then it turns out that H
• (∧ • LJ ) is the hypercohomology group of the trivial complex of sheaves:
where 0 denotes the zero map. Thus we have
where Θ denotes the sheaf of holomorphic vector fields on X and ∧ q Θ denotes the q-th skew-symmetric tensor of Θ. The infinitesimal deformations is given by
where 
Then we obtain the Poisson complex: and [df, β] is the commutator in the Clifford algebra which is equal to the coupling between df and β. A holomorphic Poisson structure β defines a map β from the sheaf of holomorphic 1-forms Ω 1 to Θ by [θ, β] for θ ∈ Ω 1 . The mapβ gives the map
where g1, · · · , gp ∈ OX . Thus we obtain
The following is already obtained in [LSX] Proposition 3.3. [LSX] The hypercohomology of the Poisson complex is isomorphic to the cohomology groups of the Lie algebroid complex of J β , i.e.,
for all k.
Proof. For the completeness of the paper, we shall give a proof of Proposition 3.3. Let ∧ 0,1 β be a vector bundle which is the twisted ∧ 0,1 by the adjoint action of β,
We denote by ∧ 
It turns out that the total complex of the double complex is the Lie algebroid complex (∧ • , LJ β , dL). Since the cohomology groups of the total complex is the hypercohomology groups of the Poisson complex, we have
4 Log symplectic structure ω C in holomorphic category and generalized complex structure J φ Let X be a complex manifold of complex dimension n. Let D be a smooth divisor on X which admits holomorphic coordinates (z1, · · · , z2m) such that D is given by z1 = 0. We call such coordinates (z1, · · · , z2n) logarithmic coordinates. A logarithmic symplectic structure † ω C is a d-closed, logarithmic 2-form on X which satisfies the followings (1) and (2) : (1) There exist logarithmic coordinates (z1, · · · , z2m) on a neighborhood of every point in D such that ω C is written as
(2) On the complement X\D, ω C is a holomorphic symplectic form. Then φ := e ω C is a d-closed, non-degenerate, pure spinor on X\D which induces the generalized complex structure J φ on X\D. On a neighborhood of D, z1e ω C is also a nondegenerate, pure spinor.
Hence J φ can be extended as a generalized complex structure on X. The type number of J φ is given by the followings: On the divisor D = {z1 = 0}, J φ is induced from z1φ, where
Thus the minimal degree of z1φ on D is euqal to 2. On the complement X\D, J φ is given by φ whose the minimal degree is 0. Thus we have
5 Lie algebroid cohomology groups of J φ and logarithmic Poisson structure β
Let ω C be a logarithmic symplectic structure on a complex manifold X. Then ω C gives the isomorphism between the sheaf of holomorphic logarithmic tangent vectors Θ(− log D) and the sheaf of logarithmic 1-forms Ω 1 (log D) which also indues the isomorphism
is a Poisson structure. We call the β a holomorphic log Poisson structure. The interior product ivω C by a holomorphic vector field v of ω C gives a meromorphic 1-form with simple pole along D. Thus ω C yields a mapω C from Θ toΩ 1 , whereΩ 1 is defined to be the image ofω C . Then the mapω C is the inverse of the mapβ :Ω 1 → Θ as in Section 3. We defineΩ p bŷ
Since the log complex (
we have the short exact sequence of complexes:
where Q • denotes the quotient complex. 
Proof. Let (z1, · · · , z2n) be logarithmic coordinates of a neighborhood of x ∈ D such that ω C is given by (4.1). Then we see that
It follows that the germ of the imageΩ
over OX,x. Then we see that the germ ofΩ 2 x is generated by dz1 z1
over OX,x. Then it turns out that every α ∈Ω 2 x is written as
where α0, α1, α2, α3 are holomorphic forms.
, it follows that
is a meromorphic form with pole of order at most one on D. We assume that dα is a logarithmic form. Then z1dα is holomorphic and z1dγ is also holomorphic. Since z1γ is holomorphic, it follow that γ is a logarithmic form. If α is a representative of the germ of the cohomology sheaves
since γ is a logarithmic form and
Thus the cohomology groups
Proof. It follows from Lemma 5.1 that the map (
of the log complex are the cohomology groups of the complement H k (X\D, C). It follows from Propo-
6 Unobstructed deformations of generalized complex structures induced from C ∞ logarithmic symplectic structures (1) On a neighborhood of D, ω C is locally given by
where (z1, · · · , z2m) are logarithmic coordinates of D = {z1 = 0}.
(2) On a neighborhood of the complement M \D, ω C = b + √ −1ω where b is a d-closed 2-form and ω denotes a real symplectic structure.
Then φ = e ω C is a d-closed, non-degenerate, pure spinor which induces the generalized complex structure J φ on the complement M \D. In fact, z1φ is a non-degenerate pure spinor on a neighborhood U of D. Thus it follows that φ := e ω C defines a generalized complex structure J φ on M .
Then we have the following theorem :
Theorem 6.2. Let ω C be a C ∞ logarithmic symplectic structure on M and J φ the generalized complex structure which is induced from φ = e ω C . Then the Lie algebroid cohomology groups
Theorem 6.3. Let ω C be a C ∞ logarithmic symplectic structure on M and J φ the generalized complex structure which is induced from φ = e ω C . Then deformations of J φ are unobstructed and the space of infinitesimal deformations is given by H 2 (M \D, C).
In order to prove our theorems, we shall introduce C ∞ logarithmic deformations of J φ and the C ∞ logarithmic deformations are unobstructed in next Section. ‡ Note that the notion of C ∞ logarithmic symplectic structures is different from the one of singular symplectic structures as in [GMP, GuLi] whose singular loci are real codimension 1.
Logarithmic deformations of J φ
A C ∞ logarithmic vector field V on a manifold M along D is a C ∞ vector field which is locally given by
where fi, gi (i = 1, · · · , 2m) are C ∞ functions and (z1, · · · , z2m) are logarithmic coordinates of D = {z1 = 0}. Thus a C ∞ logarithmic vector field V preserves the ideal (z1) which is an analog of the notion of logarithmic vector fields in complex geometry. We denote by T log M the sheaf of C ∞ logarithmic vector fields. The sheaf T log M is locally free which gives a C ∞ vector bundle T log M .
Our generalized complex structure J φ gives the decomposition
Proof. Let L 
is a soft sheaf, the hypercohomology groups
is given by global sections and we have
The interior product ivω C of a vector v by ω C restricted to the complement M \D gives a map from T log M to 1-forms on M \D which induces a mapω C from L log φ to the sheaf of differential 1-forms on M \D byω C (v + θ) = −ivω C + θ. Then we have the map
where s + t = p and A p (M \D) denotes the sheaf of p-forms on M \D. The map ∧ pω C gives the map ∧
In order to obtain the quasiisomorphism, we shall determine the cohomology sheaves
φ , dL) restricted to a neighborhood U in the followings two cases : (1) If U is a neighborhood of D with logarithmic coordinates (z1, , · · · , z2m), then the logarithmic coordinates define the complex structure on U such that ω C |U is a logarithmic symplectic structure which is the dual of holomorphic logarithmic Poisson structure β as in Section 5. Then it turns out that the cohomology groups
of the Poisson complex of multi-logarithmic tangent vectors:
The map ∧ 
Thus we have
(2) If U is a neighborhood of the complement M \D, then ω C |U is given by b + √ −1ω. It follows that the map ∧
Then it follows that the map ∧
) gives unobstructed deformations of generalized complex structures.
Proof. A C ∞ logarithmic 1-form θ is a C ∞ 1-form on M \D which is written on a neighborhood
where fi, gi are C ∞ functions and (z1, · · · , z2m) denotes logarithmic coordinates. Let T * log M be the sheaf of C ∞ sections of C ∞ logarithmic 1-forms and ∧ p T * log M the p-th skew symmetric tensors of T * log M . Then we have the complex of C ∞ logarithmic forms:
It turns out that the hypercohomology groups
If α is sufficiently small, then e ω C +α is a d-closed, non-degenerate, pure spinor on M \D which induces a family of deformations of generalized complex structures on M \D parametrized by an open set of H 2 (M \D, C). On a neighborhood of D with logarithmic coordinates (z1, · · · , z2m),
is given by z1e
Hence z1e ω C +α |z 1 =0 is also a non-degenerate, pure spinor on D for sufficiently small α. Thus e ω C +α gives deformations of generalized complex structures on M which are parametrized by an open set H 2 (M \D, C).
Proof of main theorems
Proof of Theorem 6.2. Let L φ be the sheaf of germs of smooth sections of the bundle L φ . Then the Lie algebroid complex gives the complex of sheaves:
The hypercohomology groups of the complex of sheaves are isomorphic to the cohomology groups of the Lie algebroid complex since ∧ p L φ are a soft sheaf. We shall apply the similar argument as in Proposition 7.1 to the complex (8.1). The interior product ivω C of a vector field v by ω C restricted to M \D gives the map
The sheaves H • (∧ • LJ ) of cohomology groups of (8.1) are determined by the following two cases
(1) and (2): (1) If U is a neighborhood of D admitting logarithmic coordinates of D, then the logarithmic coordinates define the complex structure on U such that ω C |U is a logarithmic symplectic structure which is the dual of holomorphic logarithmic Poisson structure β as in Section 5. It follows from Proposition 5.2 that the cohomology
It follows that the complex of sheaves ∧ • LJ is quasi-isomorphic to the complex of sheaves (A 9 Generalized complex structures on 4-manifolds 9.1 Non-degenerate, pure spinors of even type on 4-manifolds Let M be a 4-dimensional manifold. Then the spinor inner metric of even forms is defined by
where φ = φ0 + φ2 + φ4, ψ = ψ0 + ψ2 + ψ4 ∈ ∧ * T * M and φi, ψi ∈ ∧ i T * M . Then the spinor inner metric gives a simple description of non-degenerate, pure spinors of even type, that is, φ ∈ ∧ even T * M is a non-degenerate, pure spinor if and only if φ satisfies the followings:
A non-degenerate, pure spinor φ gives a generalized complex structure if and only if
3)
Example 9.1. Let (z1, z2) be the coordinates of C 2 and φ = 1 + dz1 z1 ∧ dz2. Then z1φ = z1 + dz1 ∧ dz2 is a non-degenerate, pure spinor which induces the generalized complex structure J φ . On the divisor D := {z1 = 0}, we have φ|D = dz1 ∧ dz1 and J φ |D is induced from a complex structure and Type J φ |D = 2. On the complement Proof. Let ω C be the dual of β which is a logarithmic symplectic structure on S of D. Since J β is induced from φ = e ω C , the results follows from Theorem 6.2 and Theorem 6.3.
In general, if an anti-canonical divisor D on a complex surface S is not smooth, the Lie algebroid cohomology groups (the hypercohomology groups of Poisson complex) are different from the singular cohomology groups of the complement M \D. We assume that D is given by the zero locus of a Poisson structure β which has isolated singular points {pi} 
The cohomology sheaves of the complex Q • are given by
where Jp i denotes the quotient ring OS,p i /(fi,
) and (fi,
) is the ideal generated by fi and the partial derivatives of fi. Thus we have
In particular, pi is a node, then Jp i = C. If an anti-canonical divisor D is a simple normal crossing divisor (nodes), then it is known that the hypercohomology groups
complex is given by the singular cohomology groups H i (S\D) of the complement of the divisor. Thus we can calculate the Poisson cohomology groups by using the cohomology groups of the complement and each quotient ring Jp i . In fact, the short exact sequence (9.4) yields the long exact sequence of the hypercohomology groups. Thus we have
Proposition 9.3. Let S be a complex surface with a Poisson structure β. We assume that the divisor D = {β = 0} has m nodes {pi} m i=1 and H 3 (S\D) = {0}. Then three cohomology groups
Remark 9.4. If D is a cubic curve in CP 2 with only a node, then
Thus the Lie algebroid cohomology groups of the singular D are different from the cohomology groups of the complement M \D.
Example 9.5 (Del Pezzo surfaces). Let S k = (M, J) be a del pezzo surface which is a blown up CP 2 at generic k points with ample anti-canonical line bundle, where 0 ≤ k ≤ 8. If a Poisson structure β has a smooth divisor D, then we have dim H 2 (S k \D) = 2 + k. Thus we have Proposition 9.6. If D is smooth, then J β has 2 + k dimensional unobstructed deformations.
The Poisson cohomology of S k was already calculated in [HX] . Their calculation is different from ours. We shall follow their method. Let β be a holomorphic Poisson structure on S which is a section of K −1 . Since the Lie algebroid cohomology groups coincide with the hypercohomology groups of the Poisson complex :
The hypercohomology groups is the total cohomology groups of the double complex (
Then the E1-terms are given by theČech cohomology groups :
Applying the Kodaira vanishing theorem, we obtain that E1-terms are given by
Thus it follows that the double complex degenerates at E2-terms. A holomorphic vector field α ∈ ker δ β is given by δ β α = −Lαβ = 0. Thus α ∈ ker δ β gives an automorphism of S k preserving a section β ∈ K −1 . The followings are known for , 5, 6, 7, 8) dim
If no automorphism preserves an anti-canonical divisor D, then dim ker δ β = 0. In particular, if k = 4, 5, 6, 7, 8, then dim H i (∧ • LJ β ) does not depend on a choice of β.
Remark 9.7. The calculations as in Example 9.5 hold for degenerate del pezzo surfaces which are blown up CP 2 at the set of points in almost general position. Then K −1 is not ample, however
Example 9.8 (Hirzebruch surfaces). Let Fe be the projective space bundle P(O ⊕ O(−e)) over CP 1 with e > 0, which is called Hirzebruch surface. Let f be a fibre of Fe. Then K −1 is given by 2b + (e + 2)f , where b is a section of Fe with b · b = −e. Since K −1 is effective, we have the E1-terms:
where dim H 1 (Fe, K −1 ) = 0 if e ≤ 3. Let β be a poisson structure of Fe which gives a smooth anti-canonical divisor D. Then it turns out that
Proposition 9.9. Thus we obtain unobstructed deformations of J β which are parametrized by an open set of H 2 (Fe\D) ∼ = C 3 .
Since the double complex degenerates at E2-terms, it follows from Theorem 6.2 and H 1 (Fe\D) = H 3 (Fe\D) = {0} that the map between E1-terms δ 
where Intν(T ) denotes the interior of ν(T ). If Ψ(∂D 2 × pt) ⊂ D 2 × T 2 is null-homotopic in ν(T ), the C ∞ logarithmic transformation is trivial. The boundary ∂ν(T ) is identified with ∂D 2 × T 2 and we denote by π the projection from ∂D 2 × T 2 to ∂D 2 . Then we have the diagram
Then we define multiplicity of C ∞ logarithmic transformation to be the degree of the map π • Ψ| ∂D 2 ×{pt} : S 1 → S 1 Theorem 9.12. [GH] Let (M, J ) be a generalized complex 4-manifold and T a symplectic torus of (M, J ) with trivial normal bundle. Then every nontrivial C ∞ logarithmic transformation yields a twisted generalized complex structure JΨ on the manifold MΨ with κ(JΨ) = κ(J ) + 1. In particular, if H 3 (MΨ) = {0}, then JΨ is a generalized complex structure.
The proof of this theorem is already given in [GH] . For the completeness of the paper, we will give the proof of the theorem.
Proof. If the logarithmic transformation determined by Ψ is trivial, the statement is obvious. We assume that the logarithmic transformation is not trivial.
Let ωT be a symplectic form of νT which induces the generalized complex structure J |νT and T is symplectic with respect to ωT . By Weinstein's neighborhood theorem [W] , we can take a symplectomorphism:
where
ωT . Using this identification, the attaching map Ψ can be regarded as a matrix AΨ ∈SL(3; Z). Any matrix P ∈SL(2; Z) induces a self-diffeomorphism P :
Since the map id D 2 × P preserves the form σC and the diffeomorphism type of MΨ is determined by the first row of AΨ, we can assume that AΨ is equal to the following matrix:
(see [GS] ), where m, p, a, b are integers which satisfy mb − pa = 1. The first row of AΨ is (m, 0, p) and it follows that p = 0 since Ψ is not trivial. Thus we can take a and b satisfying the condition mbs − pa = 0 for all s ∈ [0, 1] (9.6) by replacing (a, b) by (a + ml, b + pl) for a suitable integer l if necessary. Let D k be the annulus
Ψ(r, θ1, θ2, θ3) = ( log(er), mθ1 + aθ3, θ2, pθ1 + bθ3), where z1 = r exp( √ −1θ1) and z2 = θ2 + √ −1θ3. The manifold MΨ is diffeomorphic to the following manifold:
Thus it suffices to construct a twisted generalized complex structure on MΨ which satisfies the conditions (9.1), (9.2) and (9.3) We denote by ϕT := z1φT ∈ ∧ even D 2 × T 2 the following form:
where w2 = (C(
+ p)z2) and ̺ : R → [0, 1] is a monotonic increasing function which satisfies ̺(r) = 0 if |r| < 1 2e 2 and ̺(r) = 1 if |r| ≥ 1 e 2 . The form ϕT satisfies the condition (9.1). It follows form the condition (9.6) that the top-degree part ϕT ∧ ϕT is not trivial. Thus the condition (9.2) holds. Since z1 −1 ϕT is d-closed on D0 × T 2 , the form ϕT satisfies the condition (9.3). Thus ϕT gives a generalized complex structure on D 2 × T 2 . Denote by B and ω the real part and the imaginary part of the degree-2 part of the form φT = z1 −1 ϕT , respectively. Then it follows from a direct calculation that the pullback Ψ * σC is equal to ω. We take a monotonic decreasing functioñ We can use logarithmic transformations of general multiplicity to obtain generalized complex structures with arbitrary large number of connected components of type changing loci. Theorem 9.14. [GH] For every k, l ≥ 0 and m ≥ 1, the connected sum (2k + 1)CP 2 #lCP 2 admits generalized complex structures Jm with κ(Jm) = m.
Remark 9.15. Cavalcanti and Gualtieri firstly constructed a generalized complex structure J on the connected sum (2k + 1)CP 2 #lCP 2 with κ(J ) = 1 by logarithmic transformations of multiplicity 0 which does not admit any complex structures and symplectic structures [CG1] , [CG2] .
Remark 9.16. In [CG1] it is pointed out that another generalized complex surgery is possible, but little detail is provided. Working out the details of this another surgery one would obtain an alternative proof of Theorem 9.12 in the special cases where the first row of the matrix AΨ is (m, 0, 1).
Remark 9.17. Torres and Yazinski also constructed twisted generalized complex manifolds on several manifolds with arbitrary large type changing loci by a different method [TY] .
We shall apply our theorems to these 4-manifolds obtained by C ∞ logarithmic transformations.
Theorem 9.18. Let (M, J ) be a generalized complex structure and T a real symplectic torus with trivial normal bundle. We denote by (MΨ, J ) a generalized complex 4-manifold constructed by a C Proof. It follows from (9.7) that the degree 2-part ω C of φT is given by
if r = |z1| < 1 e 2 . On the complement of D, the ω C is given by b + √ −1ω for a real 2-form b and a real symplectic form ω. The 2-forms ω C is written as
where w2 = C( a 2 − p)z2 − C( a 2 + p)z2, and C ′ = bc C 2 (a 2 + 4p 2 ) .
We define local C ∞ complex coordinates (w1, w2) by w1 = e C ′ w 2 z1, w2 = C( a 2 − p)z2 − C( a 2 + p)z2.
Note that p is not equal to 0. Then we have
